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a b s t r a c t

An adaptive algorithm suitable for reconstructing a distribution when knowing only a small number of
its moments is presented. This method elaborates on a previous technique presented in John et al.
(2007), but leads to many advantages compared with the original algorithm. The so-called ‘‘finite
moment problem’’ arises in many fields of science, but is particularly important for particulate flows in
chemical engineering. Up to now, there is no well-established algorithm available to solve this problem.
The examples considered in this work come from crystallization processes. For such applications, it is of
crucial interest to reconstruct the particle size distributions (PSD) knowing only a small number of its
moments, obtained mostly from numerical simulations or from advanced experiments, but without any
a priori knowledge concerning the shape of this PSD. This was already possible in many cases with the
original algorithm of John et al. (2007), but complex shapes could not be identified appropriately. The
key of the advanced algorithm is the adaptive criterion for positioning dynamically the nodes in an
appropriate manner. It turns out that the adaptive algorithm shows considerable improvements in the
reconstruction of distributions with a quickly changing curvature or for non-smooth distributions. Since
such configurations are quite often found in practice, the new algorithm is more widely applicable
compared with the original method.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

The problem of reconstructing a scalar-valued function f(t, x)
from a finite number of its moments, the so-called ‘‘finite moment
problem’’, arises in many scientific and technical applications as
described in John et al. (2007). This situation has not changed; the
interested reader is therefore referred to the literature cited in
John et al. (2007) to find application examples for image
processing, magnetic imaging, molecular physics or chemical
engineering.

The i-th moment mi!t" of the function f !t; x" : #0; tfinal" $
#0;1"-R depending on time and on a one-dimensional, so-
called internal coordinate x (typically, a length scale) is classically
defined by

mi!t" %
Z 1

0
xif !t; x"dx; i% 0;1;2; . . . : !1"

Since a majority of practical applications still only considers
mono-variate problems at present, the developed formulation

will be restricted to the case of a single internal coordinate (x).
Bivariate populations will be the subject of future work.

From the mathematical point of view, the finite moment
problem is a severely ill-posed problem. It has been studied in the
mathematical literature almost exclusively from the theoretical
point of view (see again John et al., 2007 for a review of the most
important results). In principle, there is no unique solution for this
problem and all moments up to infinity should be known to
reconstruct the function. The issue of isomomental distributions
(i.e., distributions having the same moments while being
different) has been considered extensively for instance in Wright
(2000) and White (1990).

Nevertheless, there are usually constraints on the domain and
on the range of f(t, x) due to the underlying physics of the
application. A typical example is the reconstruction of particle
size distributions (PSD) when considering particulate processes
like crystallization, precipitation, etc. The particle size (x coordi-
nate) is always positive, and there is always a maximal possible
size, at most the reactor size, usually even much smaller. Thus, the
domain spanned in the x-direction by f(t, x) is only an interval
within the positive real numbers. Furthermore, a PSD should have
only non-negative values, hence the range of f(t, x) is only a subset
of the non-negative real numbers. Even if these limitations sound
trivial from an engineering point of view, they are indeed
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