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Techniques for the reconstruction of a distribution from a finite number
of its moments
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Abstract

The reconstruction of a distribution knowing only a finite number of its moments is an extremely important but in practice still unsolved
question for many fields of science (chemical and process engineering, electronic engineering, nuclear physics, image analysis, biotechnology. . .).
Several methods have been proposed and corresponding mathematical formulations have been introduced in the literature during the last
decades. Nevertheless, all these are generally limited to particular, often simple cases and require specific assumptions. It is indeed extremely
difficult from a theoretical point of view (it is necessary, however, not sufficient, that all moments are available for a correct reconstruction)
as well as from a practical point of view (ill-posed inverse problem) to find an accurate and relatively fast method which can be applied to all
scientific areas. In the present paper, different possible methods (prescribed functions, discrete method, spline-based reconstruction) allowing
such a reconstruction are explained, compared in terms of efficiency and accuracy, and validated for chemical engineering applications using
examples with different degrees of difficulty.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction and state of the art

1.1. Possible applications

In the last decade, a renewed interest can be observed in the
scientific community dealing with chemical engineering ap-
plications concerning moment-based determination of distribu-
tions, e.g., particle size distributions (PSD). This is in partic-
ular due to the fact that, when external features like turbulent
flow properties play an important role for the process under
investigation, fast and numerically efficient methods must be
employed to describe the population interacting with this flow.
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Acceptable computational costs are typical for the standard
method of moments (MOM) and for related approaches like
the quadrature method of moments (QMOM) and its direct al-
ternative (DQMOM) (Marchisio and Fox, 2005). For all such
methods, only a finite number of moments associated with the
real distribution are finally determined by the numerical pro-
cedure. Therefore, after having computed these moments, it is
necessary to reconstruct in the best possible way the full, real
distribution corresponding to the resulting PSD. Since the PSD
generally constitutes the key result to judge the quality of the
process, the high importance of the reconstruction procedure
appears clearly.

It is also possible to derive the value of different moments
indirectly through experimental measurements, since the par-
ticle sizing devices provide general knowledge about e.g., the
mean particle size or complete PSD. Once the PSD has been
measured the corresponding moments (such as zeroth-order
moment �0, Marchisio et al., 2002) can then be readily com-
puted using the distribution. Moreover, mean particle size data,


